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Abstract 
Ashlock, D.A., Permutation polynomials of Abelian group rings over finite fields, Journal of 
Pure and Applied Algebra 86 (1993) 1-5. 
For G a finite Abelian group, F a finite field, and R = F[G], the group ring, this paper 
enumerates the polynomials of F[x] that permute R under substitution. This paper serves as an 
illustration for a general technique for enumerating the permutation polynomials of an 
F-algebra with coefficients in F. 
Introduction and definitions 
In this paper I will give an illustration of a general method for counting the 
number of permutations of an algebra A over a finite field F that can be realized 
as polynomials over that field. The outline of the procedure is as follows. First 
compute the generator of the ideal in F[x] of polynomials that evaluate to the 
zero function on A. Once this polynomial f(x) is known then we see in [l] that the 
group PP,(A) of permutation polynomials of A with coefficients in F is iso- 
morphic to the similarly defined group PP,(F[x]I (f(x))). The size of this latter 
group can be obtained directly from the degrees and multiplicities of irreducible 
divisors of f( x via Theorem 12 of [l]. Only the first step of this procedure is not ) 
cut and dried. In [2] we see an example of this computation for the algebra F”“” 
of n-dimensional matrices over F. In [3] the case where A is a field that contains F 
as a subfield is treated. In both these papers problem-specific techniques were 
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used to count the permutation polynomials once the generator of the relevant 
ideal was known. This paper demonstrates a more general method. 
Throughout this paper F will be finite field GF( q), 9 = p”, G will be a finite 
Abelian group, and we will set R = F[ G], the group algebra of F over G. Denote 
by r(n) the number of manic irreducibles of degree IZ in F[x]. Denote by C, the 
cyclic group of order k. A compositional attractor of a polynomial ring P is an 
ideal I with the added property that for f(x) E Z and g(x) E P, f( g(x)) E I. In [l] 
we saw that each F-algebra R has associated with it a compositional attractor 
ZF = {f(x) E F[x]: f(r) = 0 Vr E R} which is the kernel of the evaluation map 
from F[x] to the ring of functions from R to itself. By PP,(R) I will denote the 
group of permutations of R that can be obtained as polynomial functions in F[x]. 
2. The main result 
It turns out that the only difficult step in computing the generator of ZF is the 
case where G is a cyclic group, presented in Theorem 1. In Lemma 2 we see that 
the calculation for cyclic G solves the problem for any finite Abelian G. Finally in 
Corollary 3 we get the counting formula as a direct application of Corollary 13 of 
[Il. 
Theorem 1. Suppose G is cyclic with generator (T of order m = pk . s, where s and 
p are relatively prime. Let r be the order of q (mod s). Then 
z; = ( (xqr - xy’ ) 
Proof. Notice that R s F[x] / (x”’ - 1) = F[x] / ((x‘ - l)pk), as F is of characteris- 
tic p. Since s and p are coprime, xs - 1 factors into distinct irreducibles and the 
Chinese remainder theorem tells us that S = F[x] / (XI - 1) is the direct product 
of finite fields of the form F[O,], where 0;, 1 = 1,2, . . . , s are the sth roots of 
unity. All these finite fields are subfields of Q = F[B”], where e” is a primitive 
sth root of unity. For h[x] E F[x] and (f,, f2,. . . , fs) E@s=, F[O,], 
h((f,, fz,. . . , f,)) = (h( fi), h( f2), . . . , h(f;)), so we see that I”, = If. From 
equation (3) of [l] we see the generator of ZF is x”’ - x. The choice of r makes r 
the smallest integer for which qr - 1 = 0 (mods), hence Q = GF( q’) and ZF = 
(xqr -x). Let f(x)=xy’- x and let J(R) be the Jacobson radical of R. Clearly 
R/J(R) G S, hence for all a E R, f(a) is nilpotent. 
Let g(x) be the generator of Z;. Now f(x) is the product of distinct irreducibles 
in F[x] with degrees dividing reach of which is the F-minimal polynomial of some 
element of S. This tells us f(x) 1 g(x). The fact that for all a E R, f(u) is nilpotent 
tells us that f(x) and g(x) have the same set of irreducible divisors. The fact that 
all these divisors have degrees dividing r together with Corollary 6 of [l] tells us 
that g(x) is a power of f(x). Let a E R, b E J(r) and examine 
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f(a + b) -f(u) = b . f’(a) + b2 . (. . .) . 
Since f(x) has the F-minimal polynomial of a + J(r) E S as a divisor of multiplicity 
1, it follows that f’(a) is not nilpotent, and hence f(a + b) -f(u) = Oe b = 0 or, 
in other words, f(a + Z(r)) = 0 + J(R). The structure of R makes it obvious that 
J(R) contains an element, corresponding to xs - 1 in the isomorphism given in the 
first line of the proof, with degree of nilpotency pk. From this we deduct that 
f(xYk I g(x). S’ mce the element corresponding to xs - 1 also generates J(R) it 
follows that f(a) pk = 0 for each a E R, hence g(x)] f(~)“~, and the theorem 
follows. 0 
Lemma 2. Suppose G has exponent m = pk . s, where s and p are relatively prime. 
Let r be the order of q (mod s). Then 
z; = ((xyr - x>q 
Proof. Let h(x) = (x”’ - x)~~ and let g(x) be the generator of Zz. From the 
structure theorem for finite Abelian groups we know that G can be decomposed 
into the direct product of cyclic groups G, 8 G, (8. * * @ G,, where G, is cyclic of 
order m and all the other components are cyclic of order dividing m. R then 
is isomorphic to F[ G,] @ F[ G2] @ . . * @ F[ G,,]. For r an arbitrary element of 
R with direct-product representation r = (r,, r2, . . . , ru) we see h(r) = 
(h(r,), h(rZ), . . , h(r,)). Th eorem 1 tells us that only multiples of h(x) can make 
the first component zero, hence h(x)] g(x). Clearly each component of the 
decomposition of R is isomorphic to a subalgebra of the first component, hence 
h(r) = 0 so g(x) (h(x). 0 
Corollary 3. Zf G has exponent m = s . pk where s and p are relatively prime and r 
is the order of q (mod s), then the size of PP,(R) is 
y dVcd) . r(d)! if k = 0 , 
I 
or 
n drcd) . r(d)!(( qd - 1). ( qd’(pkP2)))a(d) if k 2 0 . 
dir 
Proof. Let g(x) be the generator of Z: from Lemma 2 and set R = F[x] /Z:. 
Lemma 1 of [l] tells us that Z: = Z$. Corollary 4 of [l] then tells us that this 
equality implies that PP,(R) z PP,(R ). Apply Theorem 12 of [l] to g(x) to count 
PP,(R”) and hence PP,(R) and simplify. 0 
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3. Examples and conclusion 
Example 4. Let F = GF(2), G = C,, the cyclic group of order 3, and set R = 
F[G]. Then Theorem 1 says that ZF = (x” - x), and Corollary 3 says that 
IPP,(R)] = 4. In fact, 
PP,(R) = {x, x + 1, x2, x2 + l} , 
and possesses the isomorphism type of the Klein 4 group. 
Example 5. Let F = GF(3), G = C,, and set R = F[G]. Then Lemma 2 says that 
z; = (x9 - x3), and Corollary 3 says that IPP,(R)I = 1296 = 64. 
Table 1 gives the size of PP,(R) in terms of IFI and Exp(G). The values shown 
give one a sense of the vast irregularity of the sizes of these groups. In the worst 
case we get approximately an exponential of a factorial of q. On the other hand, 
as we see in Corollary 6, infinitely often we get a simple factorial of q. 
Corollary 6. Suppose G is a group of exponent m. If q = 1 (mod m) then 
(PP,(G)I = q!. 
Proof. Notice that r = 1 and ~(1) = q then apply Corollary 3. 0 
The computations done in [3] go far beyond enumeration of the group PP,(R) 
and develop a good deal of structure. Familiarity with this material allows one to 
retrieve the structure of G in the case where the exponent of G and q are 
relatively prime. In the situation covered by Corollary 6, for example, the group 
has the isomorphism type of the symmetric group. One easy way to see this is to 
notice that under the hypotheses of Corollary 6, Lemma 2 implies that Z: = 
(x4 - x). Applying the reasoning of Corollary 3 this implies PP,(R) z PP,(F) = 
Sym(F). 
The next logical step is to attempt the calculations of the sort presented in this 
paper for G in tractable classes of non-Abelian groups. Unfortunately the 
commutativity of R plays a prominent part in the proof of Theorem 1 so more 
sophisticated techniques are necessary. 
Table 1 
ExP(G) Size of F 
2 3 4 5 
2 2 6 1944 120 
3 4 1296 24 2”.3.5.10! 
4 32 288 127.401,984 120 
5 1536 2J’3’. 18! 1,105,920 21’.3.51h 
6 12 1296 1944 212.3.5’h 
7 108 2”’ 31zh. 8! ,l(j! 2’ .3” .2()! 2“‘3 3’“” 5. I,)! 4()! 258(,! 
Permutation polynomials 5 
References 
[l] D. Ashlock, Compositional attractors and enumeration of permutation polynomials over finite 
fields, J. Pure Appl. Algebra 81 (1) (1992) l-9. 
[2] J.V. Brawley, L. Carlitz and Jack Levine, Scalar polynomial functions on the n X n matrices over a 
finite field, Linear Algebra Appl. 10 (1975) 199-217. 
[3] L. Carlitz and D.R. Hayes, Permutations with coefficients in a subfield, Acta Arith. XXI (1972) 
131-135. 
